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Introduction
for some λ >  depending on f . Also, since ϕ is convex, it is not hard to see that Minkowski's functional
defines a seminorm for B ϕ , which, in this case, is known as Luxemburg's seminorm, where
Moreover, it can be shown that B ϕ is a Banach space with the norm
We also have that the Bloch-Orlicz space is isometrically equal to a particular μ-Bloch space, where
with z ∈ D. Thus, for any f ∈ B ϕ , we have
When ϕ is the identity map on [, +∞), B ϕ is the so-called Bloch space B.
Let u ∈ H(D) and φ be an analytic self-map of D. The differentiation operator D, the multiplication operator M u and the composition operator C φ are defined by
There is a considerable interest in studying the above mentioned operators as well as their products (see, e.g., [-, -] and the related references therein). A product-type operator DM u C φ is defined as follows:
For  < α < ∞ and   < |a| < , we define the test functions (see [] )
It is easy to show that f a , h a ∈ Z α and f a (a) = , Motivated by the above papers, in this paper, we investigate the boundedness and compactness of the product-type operator DM u C φ from Zygmund-type spaces to the BlochOrlicz space. The paper is organized as follows. In Section , we give some necessary and sufficient conditions for the boundedness of the operator DM u C φ :
we give some necessary and sufficient conditions for the compactness of the operator
Throughout this paper,
, and we use letter C to denote a positive constant whose value may change at each occurrence. 
Lemma  For f ∈ Z
α and α > . Then:
ϕ is bounded and  < α < ∞, then the following conditions hold:
Taking the function f (z) =  ∈ Z α and using the obvious fact that f Z α = , we have that
from which it follows that () holds. Taking the function f (z) = z ∈ Z α and using the fact
From this, () and by the boundedness of φ(z), condition () easily follows. Now taking the function f (z) = z  ∈ Z α and using the fact that f Z α = , we get
From this, (), () and the boundedness of φ(z), we obtain (). Now, we are ready to characterize the boundedness of the product-type operator
For this purpose we need to break the problem into five different cases:  < α < , α = ,  < α < , α =  and α > .
α , and
It follows that
From () and (), we obtain ().
Here we use the fact that
Now, we can conclude that there exists a constant C such that
bounded if and only if k  < ∞,
where
From this it follows that
By k  < ∞ we see that
From () and () we obtain k  < ∞. Let
< |φ(ω)| < , then, as above, we can get that t φ(ω) ∈ Z and
From this and by k  < ∞, we get
From () and () we obtain (). Suppose that k  , k  , k  < ∞. Then, by Lemma (ii) and similar to the proof of Theorem , we get that DM u C φ : Z → B ϕ is bounded. < |φ(ω)| < , then we have that f φ(ω) ∈ Z α , and
From this and by k  < ∞, we get
Then, according to the former proof with k  < ∞, we can get ().
Then, by Lemma (iii) and (iv) and similar to the proof of Theorem , we get that DM u C φ : Z α → B ϕ is bounded.
Theorem  Let u ∈ H(D) and φ be an analytic self-map of
D. Then DM u C φ : Z  → B ϕ
is bounded if and only if
By repeating the arguments in the proof of Theorem  and Theorem , () and () can be proved similarly. Hence we only need to show k  < ∞. For every z ∈ D and ω ∈ D such that
. Clearly p φ(ω) ∈ Z  , and
By the boundedness of DM u C φ :
From () and () we obtain (). Suppose that k  , k  , k  < ∞. Then, by Lemma (iii) and (v) and similar to the proof of Theorem , we get that DM u C φ : Z  → B ϕ is bounded.
Theorem  Let u ∈ H(D), φ be an analytic self-map of D and α
> . Then DM u C φ : Z α → B ϕ
is bounded if and only if
With the same argument as in Theorem  one can show that () and () hold.
Now we prove that
, which shows that q a ∈ Z α . Now we let a = φ(ω) for every ω ∈ D such that   < |φ(ω)| < , and we have
Then we have 
Lemma  Let u ∈ H(D), φ be an analytic self-map of D and
 < α < ∞. Then DM u C φ : Z α → B ϕ
Theorem  Let u ∈ H(D), φ be an analytic self-map of
Then sup n∈N g n Z α < ∞, and g n →  uniformly on compact subsets of D.
Lemma  and for every > , there is δ ∈ (, ) such that
L, and f n converges to  uniformly on compact subsets of D as n → ∞.
Since f n converges to  uniformly on compact subsets of D as n → ∞, Cauchy's estimation gives that f n , f n also do as n → ∞. In particular, since {ω : |ω| ≤ δ} and {φ()} are compact, it follows that
Moreover, since  < α < , by Lemma  we have
Hence, letting n → ∞ in (), we get
Employing Lemma  the implication follows.
Theorem  Let u ∈ H(D) and φ be an analytic self-map of
Without loss of generality, we may suppose that |φ(z n )| >   for all n. Taking the function
Then sup n∈N s n Z < ∞ by the proof of Theorem , and s n →  uniformly on compact subsets of D by a direct calculation. Consequently, lim n→∞ sup z∈D |s n (z)| =  by Lemma .
On the other hand, let
such that lim n→∞ c n = . By a direct calculation, we may easily prove that t n →  uniformly on compact subsets of D, and sup n∈N t n Z < ∞ by the proof of Theorem . Since
Letting n → ∞ in () and combining with (), we can get
The implication follows from () and (). Conversely, by Lemma (ii), Lemma , Lemma  and Lemma , we can prove the converse implication similar to Theorem , so we omit the details. Then sup n∈N f n Z α < ∞, and f n →  uniformly on compact subsets of D. Since DM u C φ : Z α → B ϕ is compact, it gives lim n→∞ DM u C φ f n B ϕ = . Moreover, we have
By Lemma (iii), Lemma , Lemma  and Lemma , we can prove the converse implication similar to Theorem , so we omit the details. 
